High-frequency seismograms mainly consist of incoherently scattered waves. Their envelopes are a stable measure exhibiting characteristic features like peak amplitude decay and envelope broadening with increasing travel distance which can be used to infer stochastic parameters of the inhomogeneous Earth medium. As a simple model we study the propagation of plane P and S waves through a 2-D random elastic medium. If the wavelength is less than the correlation distance and the medium inhomogeneity is weak conversion scattering can be neglected, and a stochastic parabolic wave equation is derived. Solving the master equation for the two-frequency mutual coherence function and taking the Fourier transform, we obtain the temporal change of the mean squared amplitude at a fixed distance. The distribution of energy between longitudinal and transverse components can then be calculated by using the angular spectrum representation. For the case of a Gaussian autocorrelation function the solution is completely analytical. The theoretical envelopes are compared with the results of 2-D elastic finite-difference (FD) simulations. For a stable estimate of mean-squared envelopes the squared FD traces from different receiver positions and several realizations of the random medium have been averaged. The theoretical curves well explain the delay of the peak arrival from the onset and the broadening of the envelope with increasing propagation distance. Also the transverse component amplitude for P-wave incidence and the longitudinal component amplitude for S-wave incidence are precisely explained by the theory. The time integral of the mean-squared transverse component for P-wave incidence and of the mean-squared longitudinal component for S-wave incidence linearly increases with travel distance. The linear coefficient is a measure of the ratio of mean-squared fractional fluctuation to correlation distance.
INTROD U C T I O N
High-frequency wave propagation through structures containing small-scale inhomogeneities is an extremely complex process. The interaction of a wavefield emitted from a source with the inhomogeneous structure of the elastic medium generates scattered waves that interfere incoherently at the receivers forming long-lasting and highly variable wave trains usually called coda waves. Whereas the phase of coda waves is more or less random, their envelopes show a much simpler behaviour with smooth variations depending on frequency and distance. Therefore it has become common practice to model the envelopes instead of the complete waveforms in order to gain an understanding of the inhomogeneous structure of the Earth medium.
Various approaches have been developed to model envelope shapes in media that are characterized by random fluctuations of the elastic parameters, and to retrieve the mean-squared fluctuation and correlation distance of their correlation function. For the synthesis of envelopes of forward-scattered waves the Markov approximation (Shishov 1974; Ishimaru 1978) has been introduced in seismology to explain envelope broadening with increasing travel distance (Sato 1989; Scherbaum & Sato 1991; Obara & Sato 1995; Petukhin & Gusev 2002) . It is based on the parabolic scalar wave equation, which neglects large angle and backscattering. It is therefore suitable for a time window around the direct wave arrival where forward scattering dominates, and for media where large-angle scattering is weak. A detailed derivation of the Markov approximation can be found in Fehler et al. (2000) and Saito et al. (2002) . The Markov approximation fails for media with strong short-wavelength inhomogeneity where the coda is dominated by large-angle scattered waves. In these cases the radiative transfer theory (e.g. Shang & Gao 1988; Zeng et al. 1991) can be used. It was at first heuristically derived, but can also be derived directly from the acoustic wave equation (e.g. Ishimaru 1978) . Numerical solutions of the radiative transfer equation by the Monte Carlo method have been developed by Hoshiba et al. (1991) , Gusev & Abukirov (1996) and Yoshimoto (2000) . Saito et al. (2003) examined the validity of Markov and radiative transfer approaches by comparing them with the envelopes of wavefields obtained from numerical finite-difference (FD) solutions of the wave equation in 2-D. Based on these findings they proposed a hybrid method combining Markov approximations for small and radiative transfer for long lapse times for the synthesis of whole coda envelopes. Sato et al. (2004) proposed the use of the envelope calculated by the Markov approximation as a propagator instead of a delta function-like propagator in the radiative transfer equation in 2-D scattering media. A different heuristic approach to direct envelope simulation is based on the energy flux model (Frankel & Wennerberg 1987; Korn 1993 Korn , 1997 , which has been mainly applied to the lithospheric scattering of teleseismic P waves. For strong scattering the equation of radiative transfer reduces to the diffusion equation, which can be solved analytically. It was used to explain the late coda of local earthquakes (e.g. Margerin et al. 1998) and seismograms recorded on volcanoes (Wegler 2003) . Most of the models mentioned above are based on scalar wave propagation, i.e. conversions between P and S energy are neglected. Monte Carlo simulations for vector waves including conversion scattering have been developed by Margerin et al. (2000) . Comparisons with numerical solutions of the full elastic wave equation, however, have not been done. Therefore it is not clear under which circumstances the scalar (or acoustic) approximation gives accurate envelopes even for coupled P and S vector waves.
In this paper we first numerically study the characteristics of plane vector waves propagating through 2-D elastic random media with Gaussian autocorrection function (ACF) using a FD simulation method. Then the direct synthesis of wave envelopes based on a stochastic parabolic wave equation for the potential field is derived. From the angular spectrum we obtain the longitudinal and transverse components of the mean square (MS) envelope. The synthetic envelopes are then compared with the ensemble-averaged envelopes from the FD simulations. It is shown that the main characteristics of the envelope shapes agree remarkably well.
FINI T E D I F F E R E N C E S I M U L AT I O N O F V E C T O R E L A S T I C WAV E S

Method
For the computation of theoretical waveforms of vector waves in various realizations of 2-D random media a standard FD technique in the space-time domain is employed. We use a scheme where the equations for particle velocities and stresses in an isotropic inhomogeneous elastic medium are solved on a staggered grid (Levander 1988 ). The accuracy is second-order in time and fourth-order in space. At the boundaries of the computational grid periodic boundary conditions or absorbing boundary conditions are implemented. Absorbing boundary conditions are based on the paraxial approximation of the wave equation representing only the outgoing part of the wavefield. Here we use the boundary conditions suggested by Reynolds (1978) , which are more effective in suppressing reflections than the boundary conditions of Clayton & Enquist (1977) .
The size of the model is 300 by 250 km (see Fig. 1 ). Mean P and S velocities are α = 6 km s −1 and β = 3.46 km s −1 . Between z = 0 and z = 200 km a random fractional velocity fluctuation ξ (x) with Gaussian ACF
with r = √ x 2 + z 2 is imposed on both P and S velocities. The parameter ε is rms fractional fluctuation and a is correlation distance. The medium is homogeneous for −50 km< z < 0. A plane P or S wave propagating parallel to the grid in the z-direction is initialized at z = 0 by appropriate initial conditions for stresses and particle velocities. Periodic boundary conditions are used at x = 0 and 300 km and absorbing boundary conditions at z = −50 and 200 km. The pulse shape of the plane wave is given by
where T is the duration of the wavelet and N is a parameter indicating the number of maxima and minima of the wavelet. Here, we choose N = 2 and T = 0.5 s, which gives a wavelet of nearly sinusoidal shape with dominant frequency of 2 Hz and bandlimited spectrum of half-width between 0.8 and 4.1 Hz. The wavefield is recorded at three receiver lines parallel to the initial wave front at z = 50, 100 and 150 km. Each line consists of 200 receivers at 1 km intervals between x = 50 and 250 km (see Fig. 1 ). The spatial discretization in the FD scheme is 0.1 km, and the temporal discretization is 8 ms, slightly below the stability limit of the numerical scheme. This choice ensures that the numerical errors remain small. In a homogeneous medium with the mean velocities the phase velocity error introduced by grid dispersion would be 0.04 per cent at the dominant frequency and 0.15 per cent at the upper half-width frequency. For the numerical simulations the correlation distance is a = 5 km and the rms velocity fluctuation ε = 5 per cent. The model is scaled to be representative for short-period wave propagation through average continental crust. The wavelength is less than the correlation distance and the medium inhomogeneity is weak. This ensures that we stay within the validity of the parabolic approximation used for the direct envelope synthesis. Fig. 2 shows examples of waveforms after travelling 100 km through the random medium for P-wave (left) and S-wave incidence (right). Distortions of pulse shapes, and fluctuations of traveltimes and amplitudes along the direct wave front are clearly visible, as well as excitation of secondary arrivals after the primary wave resulting in an effective broadening of the wave front. For P-(S-) wave incidence there is significant energy arriving on the transverse (longitudinal) component. This indicates that the wave front gets strongly distorted by the inhomogeneity of the medium and the propagation direction locally deviates from the straight ray paths. On the other hand, only very little energy arrives before the S-wave front in the case of plane S-wave incidence. This indicates that conversion scattering from S to P is extremely weak. In the same way the lack of energy at longer lapse times for P-wave incidence suggests that neither conversion scattering nor large-angle scattering are important. In general the most effective scattering mechanism for the case studies here is scattering of the same wave type into the near forward direction. For the comparison with theoretical MS envelopes (Section 3), the single-component traces of all receivers on a receiver line are first squared and then averaged to obtain single-component MS envelopes. Additionally, the MS envelopes obtained from 10 different realizations of the random medium were again averaged to get the ensemble-averaged MS envelope. Finally, total MS envelopes are obtained as the sum of horizontal and vertical component ensemble-averaged MS envelopes. We note that these envelopes containing traveltime fluctuations are different from single realizations of wavefields in random media (e.g. Shapiro & Kneib 1993) . In Fig. 3 , black curves show the final MS envelopes from all realizations and grey shadings show ±1 standard deviations. Even after stacking 2000 single traces standard deviation is still rather large around the peak amplitude, but is small at later times. This indicates that peak amplitudes only are not a stable measure to be used in envelope interpretation. It is rather the whole envelope shape that should be used for interpretation. Fig. 4 shows MS envelopes in two components and total MS envelopes at three propagation distances. Envelope broadening and peak amplitude decay with increasing propagation distance is obvious. For P-wave incidence the ratio of transverse to longitudinal component envelopes increases with time after the first arrival. A few seconds after the peak, transverse component energy becomes larger than longitudinal component energy irrespective of travel distance. The opposite feature is observed for S-wave incidence.
Characteristics of resultant wave traces and envelopes
In Fig. 5 , a large solid circle and a large grey circle show the time integral of the square sum of two component amplitudes for P-and S-wave incidence, respectively, where the scale is normalized by the time integral at z = 0 for each case. We find that the time integral of the total MS envelope is well conserved within an error of 10 per cent irrespective of travel distance for both cases. The slight increase of the time integral may be explained by multiply scattered waves which pass through the receiver line more than once. A small solid circle is the ratio of the time integral of MS amplitude of the x-component to that of the total MS amplitude for P-wave incidence and a small grey circle is the ratio of the time integral of the MS amplitude of the z-component to that of the total MS amplitude for S-wave incidence. We find a good coincidence of small grey and solid circles at each travel distance and that the ratio increases with increasing travel distance for both cases.
SYNT H E S I S O F V E C T O R E L A S T I C WAV E E N V E L O P E S B A S E D O N T H E M A R KO V A P P RO X I M AT I O N
Parabolic wave equation in random media for the incidence of plane waves
Wave propagation through 2-D inhomogeneous elastic media is studied in the case that the wavelength is smaller than the correlation distance and the medium inhomogeneity is small. Then, P and S waves are governed independently by the wave equation for potential field u (x, z, t) A large black a circle is the time integral of the sum of squared traces for P-wave incidence and a large grey circle is for S-wave incidence. A small solid circle is the ratio of the time integral of the MS envelope in the x-component to the time integral of the sum of MS envelopes for the incidence of P waves; a small grey circle is the ratio of the time integral of the MS envelope in the z-component to the time integral of the sum of MS envelopes for the incidence of S waves. A broken line is the theoretical prediction by the Markov approximation.
since the spatial derivative of wave velocity can be neglected:
where V 0 and ξ (x, z) are the average P-(or S-) wave velocity and a small fractional fluctuation of velocity, respectively. We imagine an ensemble of random media {ξ (x)}, where ξ (x) is assumed to be a statistically random function of the space coordinate x. All the quantities averaged over the ensemble denoted by angular brackets should be compared with observed values. The mean velocity is given by the ensemble average V 0 = V (x) , where ξ (x) = 0. In the following, we study the case that the randomness is statistically homogeneous and isotropic and the statistical measure of fractional fluctuation is given by the Gaussian ACF (eq. 1). The magnitude of the fractional fluctuation is given by the MS fractional fluctuation, ε 2 ≡ R(0) = ξ (x) 2 . The spectral structure of random media is given by the power spectral density function (PSDF),
where wavenumber m = |m|.
We study the modulation of waves for the incidence of plane waves having a propagation direction parallel to the z-axis. The medium is supposed to be randomly inhomogeneous only for z > 0, and the wave velocity has constant value V 0 for z < 0. For z > 0, waves having a global ray direction in the z-direction can be written as a superposition of plane waves for angular frequency ω:
where U varies slowly with travel distance increasing in the z-direction. Then, U is governed by the parabolic wave equation:
where k 0 = ω/V 0 is the wave number.
The two-frequency mutual coherence function and the Markov approximation
For the quantitative evaluation of the MS envelope, we focus on the two-frequency mutual coherence function (TFMCF) since it is the Fourier transform of the MS envelope. The TFMCF at distance z is a correlation of field U between different locations on the x-axis and different angular frequencies at ω and ω as
Neglecting backward scattering, we can derive a stochastic equation for TFMCF in the case of quasi-monochromatic waves of central wavenumber k c = (k 0 + k 0 )/2 and difference wavenumber
where
. Central frequency ω c and difference frequency ω d are defined in the same way. Eq. (8) is the master equation of the Markov approximation. The precise derivation is found in Ishimaru (1978) , Rytov et al. (1989) and Fehler et al. (2000) . The Markov approximation effectively calculates the contribution of incoherent components to the envelope. The second term in (8) gives the ray propagation in the background homogeneous medium and the third term represents the interaction with the medium inhomogeneity. The last term gives the wandering effect, which represents the effect of the differing transit time of different rays due to the varying wave velocity. Function A is the longitudinal integral of the Gaussian ACF, which can be approximated as
The intensity of the wavefield at distance z and at time t is
The intensity spectral density I is written as the integral of TFMCF over the difference angular frequency as
We can interpret I as the MS envelope of the bandpass-filtered trace. In the following, we put the initial condition for the plane wave incidence of unit amplitude
We may factor 2 into the following product:
where the Fourier transform of the exponential term
does not influence the broadening of individual wave packets but shows the wandering effect from the statistical averaging of the phase fluctuations of different rays on the transverse line at distance z (Lee & Jokipii 1975) . The master equation for 0 2 is written as
In the case of Gaussian ACF, substituting (9) into (14), we obtain
By using the travel distance to the receiver z = Z and the characteristic time
we define the non-dimensional travel distance τ and the non-dimensional transverse distance χ :
where τ = 0 at z = 0 and τ = 1 at z = Z . The master eq. (15) is written in non-dimensional form as
Assuming the solution has the form
we write (18) as
where (19) is written as:
Taking the Fourier transform of 0 2 , we obtain
This representation means that the intensity spectral density is practically independent of central angular frequency for the case of Gaussian ACF since the characteristic time does not contain any information about the central angular frequency. We note that intensity I is a convolution of I 0 and the wandering effect:
In Fig. 6(a) , a dark grey curve shows the plot of I 0 against reduced traveltime t − Z /V 0 . There is a time lag between the maximum peak and the onset Z /V 0 . The broadening of the envelope is well scaled by the characteristic time t M . We note that the time integral is conserved as 
Angular spectrum
The Fourier transform of 0 2 gives the angular spectrum 0 2 , which gives the distribution of energy flux density having wavenumber k x in the frequency domain:
By using (24), we may write (22) as
Integral (1/2π )
is the angular spectrum in the time domain. Fig. 6(b) shows the temporal variation of the angular spectrum at distance 4V 0 t M /Z = 0.177. All waves arriving in a short time window just after the onset propagate into the z-direction, that is, the angular spectrum has a peak around k x = 0. As lapse time increases, the angular distribution is flattened. For P-wave incidence the intensity of the x-component is obtained by multiplying 0 2 with k
For the case of Gaussian ACF,
the intensity of the z-component is given by the residual:
In Fig. 6(a) , I 0x and I 0z are plotted by a light grey curve and a black curve, respectively. The distance 4V 0 t M /Z = 0.177 corresponds to a distance of 100 km in the random media used in the FD numerical simulation in the previous section. The peak height of I 0x is small compared with that of I 0z , but there is clear evidence of diffracted waves having various different ray directions. We note that I 0z ≈ I 0 I 0x around the peak, but I 0x > I 0z for reduced time larger that about 3t M in this case. We note that the partition of energy into two components given by the time integral of intensity depends on travel distance:
That is, the wave energy in the transverse component quantitatively gives the ratio of MS medium fluctuation to the correlation distance. For plane S-wave incidence, we need to exchange I 0x and I 0z for the partition of energy into two components.
COMPAR I S O N O F N U M E R I C A L LY S I M U L AT E D E N V E L O P E S W I T H T H E O R E T I C A L LY P R E D I C T E D E N V E L O P E S
By using the Markov approximation for the statistical average of squared amplitudes, we have derived a mathematical representation of MS envelopes in two orthogonal components. Substituting the numerical values used for the numerical simulations into the mathematical representations, we compare the theoretically predicted MS envelopes with those calculated from FD simulations. In Fig. 7 , black and grey curves are MS envelopes numerically simulated by the FD method and those theoretically predicted by the Markov approximation, where we used the convolution integral of I 0 , wandering effect w and the envelope of the incident wavelet. The theoretical curves well explain the delay of peak arrival from the onset and the envelope broadening at three distances for both of P-and S-wave incidence. Transverse component (x-component) amplitudes for P-wave incidence and longitudinal component (z-component) amplitudes for S-wave Comparison of finite-difference MS envelopes (grey curves) and theoretical MS envelopes (black curves) (a) for the incidence of a 2 Hz plane P wavelet, (b) for the incidence of a 2 Hz plane S wavelet. Theoretical curves are predicted by the convolution integral of intensity I 0 , the wandering effect w and the envelope of the incident wavelet.
incidence are clear evidence of ray diffraction due to velocity inhomogeneity. The peak value of FD MS envelope is a little larger that the smooth peak of theoretical envelopes at each peak arrival; however, the whole envelope shapes coincide well with each other.
In Fig. 5 , we plot the theoretical prediction for the ratio of time integral of I 0x to that of I 0 by a broken line. Good coincidence between numerical experiments and the theoretical prediction of the Markov approximation suggests that the partition of energy to the transverse component for P-wave incidence and/or that to the longitudinal component for S-wave incidence is a good measure of the medium inhomogeneity. In the case of Gaussian ACF, we can estimate the ratio of medium parameters ε 2 /a from the gradient of the ratio against travel distance.
SUMM A RY A N D D I S C U S S I O N
Wave propagation in 2-D random elastic media characterized by Gaussian ACF (ε = 0.05, a = 5 km, α = 6 km s −1 , and β = 3.46 km s −1 ) was numerically studied based on the FD method. To see the modulation of waveform with propagation distance for an incidence of a plane wavelet with central frequency of 2 Hz, we precisely examined the characteristics of wave envelopes. The ensemble average of the square sum of numerically simulated amplitude traces shows a delay of peak arrival from the onset and envelope broadening with increasing propagation distance. The time integral of the average of the square sum of amplitude traces is almost conserved irrespective of travel distance. The transverse component amplitude for plane P-wave incidence and the longitudinal component amplitude for S-wave incidence are evidence of diffraction due to medium inhomogeneity. In the case that the wavelength is much smaller than the correlation distance (ak 0 1), wave conversion from P to S and vice versa is negligible, and P and S waves are independently governed by the parabolic equation. The stochastic master equation for the two-frequency mutual correlation function is derived using the Markov approximation. Taking the Fourier transform of the analytical solution, we obtain MS envelopes, of which the characteristics are well quantified by the medium spectra and the travel distance. The Markov approximation well predicts the conservation of time integral of the square-sum envelope. The Markov approximation successfully explains that the time integral of the MS transverse component amplitude for P-wave incidence and that of MS longitudinal component amplitude for S-wave incidence proportionally increase with travel distance and the linear coefficient is the ratio of the MS fractional fluctuation to the correlation distance. This offers a convenient way to determine this ratio from envelope data.
The parabolic Markov approximation predicts the MS envelope shapes, including the energy distribution between longitudinal and transverse components, remarkably well. This is obviously due to the fact that we are in the forward scattering regime and that in Gaussian random media conversion scattering is weak since the inhomogeneity is smooth. Therefore the parabolic approximation is valid. For media with, for example, exponential or von Karman ACF the direct envelope synthesis is still possible, but it cannot be done completely analytically. It remains to be seen if in such cases the scalar parabolic approximation is still sufficiently accurate. Extensions to the 3-D case are necessary for the interpretation of real seismograms at high frequencies. We are now developing the direct synthesis of envelopes in 3-D random media along this line; however, FD simulations in 3-D are still cumbersome on most computers today and it is worthwhile studying the validity of the direct simulation method in 2-D. Even in 2-D random media, we need to develop a more realistic model for cylindrical radiation from a point source with isotropic and non-isotropic radiation and non-Gaussian ACF cases.
The newly developed direct simulation method based on the parabolic Markov approximation offers the possibility to take into account the time-dependent energy distribution between single-component envelope traces as an additional measure to be used in the inversion of medium heterogeneity. As an immediate application of the plane wave case the scattering of teleseismic P and S waves in the crust/lithosphere system underneath seismic stations could be studied. Such studies have been performed, for example by Hock et al. (2004) , for parts of Europe using energy flux and mean field fluctuation models. The method will also be useful for developing hybrid approaches to coda envelope synthesis of vector waves, as has been done by Sato et al. (2004) for scalar wavefields.
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